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Abstract

The effect of the material inhomogeneity on the stress field of a rotating orthotropic infinite hollow cylinder made of functionally
graded materials is investigated. The original functionally graded hollow cylinder is approximated by the laminate model, of which the
solution will gradually approach the exact one with the increase in number of fictitious layers. The analysis is performed by means of the
state space method. The validity of the solution is verified by utilizing the exact solution of a special non-homogeneous rotating hollow
cylinder and earlier results. The distributions of the radial and tangential stresses of the internally pressurized rotating functionally graded
hollow cylinder for various material inhomogeneity parameters are depicted graphically. The degree of the orthotropy on the stress fields

is also discussed.
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1. Introduction

Rotating disks and cylinders have important applications in
rotating machinery and structures, such as flywheels, steam
and gas turbines, high-speed cameras, planetary landings, etc.
The stress analysis of rotating homogeneous isotropic,
orthotropic, and anisotropic disks and cylinders has long been
an important topic in engineering design and applications [1-
6].

The concept of functionally graded materials can be consid-
ered in order to make optimal use of the material. The material
properties of the FGM vary continuously and the stress distri-
bution can be adjusted ideally. Many investigations for rotat-
ing FGM disks and cylinders exist in the literature. Reddy and
Srinath [7] studied the elastic stresses in a rotating anisotropic
annular disk of variable density. Horgan and Chan [8] dealt
with the stress response of functionally graded isotropic line-
arly elastic rotating disks. El-Naggar et al. [9] handled the
thermal stresses in a rotating non-homogeneous orthotropic
hollow cylinder. Eraslan and Akis [10] obtained the plane
strain and plane stress solutions of a functionally graded rotat-
ing solid shaft and solid disk. Zenkour [11] investigated stress
distribution in rotating composite structures of functionally
graded solid disks. Chen et al. [12] obtained the three-
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dimensional analytical solution of rotating functionally graded
disks.

For a special non-homogeneous material with material
properties that have power law dependence with radial dis-
tance, the analytical solution for rotating disks and cylinders
can be cited in Refs. [7, 8, 10]. For rotating hollow disks and
cylinders made of functionally graded materials with general
form, obtaining the exact solution is very difficult or impossi-
ble. The objective of this work is to develop an effective way
to analyze the distribution of the stresses in a rotating func-
tionally graded orthotropic hollow cylinder with a general
variation in form of its material properties by using the lami-
nate model.

2. Problem statements

Consider a long hollow cylinder with interior radius « and
exterior radius b rotating at a constant angular velocity @
about its central axis. The case under consideration can be
treated as an axisymmetric plane strain problem. In the cylin-
drical coordinate system (7, 8,z ), u,(r) is the only non-zero
component of the displacement and is only the function of
radial coordinate » . Suppose both the elastic constants
¢; (j,k=12) and the mass density p of the functionally
graded materials are functions of radial position—that is

ey =cu(r), p=pr) (D

If the material properties are characterized as cylindrically
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orthotropic, the constitutive relations are
=¢,——+Cp— (2)

where o, and o, are radial and tangential stresses, re-
spectively. The equation of equilibrium is

do, + 90 "% p’r=0 3)
dr r

Suppose the hollow cylinder is subjected to uniform pres-
sures O, and Q, at the interior and exterior surfaces, re-
spectively. The boundary conditions are expressed as

0,(0=0,, 0,0)=0, 4)

3. Analytical model and mathematical development

The laminate approximation method is an effective way to
analyze the FGM problem. Physically, the solution of the
laminated model will gradually approach the exact one with
an increase in the number of fictitious layers. Suppose the
functionally graded hollow cylinder is divided into » sub-
layers. From the inner to outer layers, the discrete radius is
denoted as r,(i =0,1,---, n) . Particularly, we have 7, =a and
r,=b . For each sub-layer r <r<r (i=12,--,n), the
material properties are treated as constants. In this study, the
material constants for each layer are treated as

) =c,(r), p"=p) ((=1,2,,n) )

For the sake of convenience, the following non-dimensional
quantities and variables are introduced as

(1) (i) (i) (i) (i)

0 _Sk o _P u =t 50 _On @ _ %
Jk (n) > (n)? ’ r (n) ° 0 (n) ?
(& P b (& & (6)
0}
_r _n Q—Eb . — | _9, _9
&= 5 &= B’ =70, =" 9T e BT
(’\’ p Lll (’”

Then for the discrete system, the governing equations (2)-(4)
can be rewritten as

(i) u(f) (i) u(t)
O.(l) E(f) +*U) , ;l) :El(zi) +EZ(21)
r 11 dg 12 § d§ §
(i=1,2,n) %)
(i) 0 _ _
9, L9 "% | 50Qrg=0 (i=1,2+-n) ()
& T ¢
oV(E)=q,, o"(E)=4, ©)

At each fictitious interface in the laminate model, the continu-
ity conditions should be completed as

u?(&)=u""(), o (E)=0/"() ((=1,2,,n-1)(10)

4. Solution for laminate model

Egs. (7)-(10) can be rewritten as
vai) — Z.l(li)vu(') +EI(Zi)u('), Zg) — El(zi)vu(i) +Ez(2i)u(')

(i=1,2,--,n) an
VIV -39+ pVE =0 (i=1,2,--,n) (12)
V() =84, Z"(E)=44, 13)
u (&) =u""(&), TV(E)=2(E) (=12,,n-1)
(14)
where

=80, Iy =¢0)), V=43 15)

We first obtain the expression for Vu'” from the first part
of Eq. (11), then substitute ¢ in the second part of Eq. (11)
into Eq. (12). Having obtained the expression for Vu”, the
expression for VEY is derived. The expressions of Vu'"
and VI can be recast in matrix form as

VX = [NOHX O} L0} (16)

where

) ut!) ) a(t’) a(r) ) 0
@y 7 _ 11 12 (i _
X }_{Z‘r’“}’ [V ]—L;) a;';}’ {r }—{_pmgz}

=)

C ; 1 o — N
) — 12 @) _ i) — =) S(0) (i) ) _ =) ,0)
E(“ o @y = —(i) ° ay =Cp +612 s Ay =Cyay,
11

o

17

The solution of Eq. (16) is

XU =T ONXEDHHG O (=12, m)

(18)
where
@ =(£)", 6 @r= rom i vy
19)
The continuity conditions (10) can be rewritten as
X=X} ((=1,2,,n-1) (20)

Setting &=¢ in Eq. (18) and utilizing Eq. (20), we have
X&) =[H HX (&)} + (M} @1)

where
[H]=[1"],

~ (i = j 22
[TOHG" @)L =TT )] ()

MO} =

m=1

If i=n, by means of the boundary conditions (13), Eq.
(21) can be rewritten as



{u‘"’(é,)HH:P H:;’Hu(”(@)}+{M§"’}
&4, Hy' HY | &g, ) (M)
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(23)

Then u(&,) can be determined from the second part of

Eq. (23) as

u“)(égo) = ﬁ(ﬁnqb - H;;)éoqu - M;"))

24)

Table 1. Results for a/b=0.5, a=0.5and S=0.5.
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Utilizing Egs. (20) and (21), Eq. (18) can be written in a de-
tailed form as

@) _[10© 1@

2O (1@ 10©
Y = [u0E)] | M) (6@
RN | VR AR YIS AR (O

(25)
Substituting Eq. (24) into Eq. (25), u” (&) is then com-
pletely determined as

W) = ), + g, + 1€ (26)
where
£0@) = (42T @ + 0T @)
D@ =&| (e )@
i R ) @7)

i My i i i
FO@ =M = H Y+ GO (€)

M 2B+ 60O

HyY

Substituting Eq. (26) into Eq. (7), the stress fields are then
determined.

5. Exact solution for power-law graded form

The exact solution for a special functionally graded rotating
hollow cylinder will be developed in this section. The material
properties are assumed to vary as power-law dependence of
the radial position

Ci (r)= Vzacn‘/k’ p(r)= },Mpo (28)
where c,, and p, are constants. ¢ and S, denoting the
degree of the material inhomogeneity, can be arbitrary rational
constants. Replacing ¢’ by ¢,, and p" by p, in Eq.
(6), the non-dimensional variables and quantities are still
adoptable and the general closed-form solution can be ob-
tained as

u(@)=AE" + 45" + BE 29

where

n u(&,) u(g,) 0.(&,) 0,(&)) ,(S,)
20 0.19876 | 026308 | 0.060552 | 042691 | 0.53817
50 0.19898 | 026333 | 0.059934 | 041519 | 0.53868
200 | 0.19908 | 026344 | 0.059624 | 040929 | 0.53891
500 | 0.19910 | 026347 | 0.059561 | 040811 | 0.53896
Exact | 10911 | 026348 | 0059520 | 040732 | 053899
solution
Table 2. Results for a/b=0.5, a=1.0and B=0.5.
n u(go) u(éz) o ("fn/z) Oy (50) O—H(fn)
20 | 026147 | 033168 | 0037086 | 029485 | 0.67850
50 | 026431 | 033505 | 0036476 | 028126 | 0.68539
200 | 026573 | 033674 | 0036169 | 027452 | 0.68886
500 | 026601 | 033709 | 0036108 | 027317 | 0.68956
Exact | 26620 | 033731 | 0036067 | 027227 | 069002
solution
Table 3. Results for a/b=0.2, a=-1.0and B=-0.5.
n u(é:o) u(é:n) Gr(é:n/z) Oy (é:o) 0_9(":,,)
20 | 0013786 |0.099091 | 033467 | 2.44807 | 020271
50 | 0.012981|0.096550 | 034238 | 2.84586 | 0.19751
200 |0.012608 | 0.095300 | 034637 | 3.09868 | 0.19495
500 | 0.012535]0.095051 | 034718 | 3.15470 | 0.19444
Exact 1 10488 [0.004886 | 034772 | 319317 | 0.19410
solution
p=-a+Va’+H, p,=—-a—-Ja’+H
QZ
B= , (30)
Comy — 200C4), — Con(zﬂ +3)[2(f - a)+3]
H = Comn — 20!6'012
le

In Eq. (29), 4, and 4, are unknown constants. Substituting
Eq. (29) into Eq. (7), the expressions for radial and tangential
stresses can be derived. 4, and 4, can be determined com-
pletely by utilizing the boundary conditions (13). Specifically,
if we set a=fin Eq. (28), the present solution is then degener-
ated to that considered by El-Naggar et al. [13].

6. Numerical results

The validity of the presented solution in Section 5 will first
be considered. In the following, the exact solution Eq. (29)
will be introduced to examine the validity of the present solu-
tion. For the sake of using the present solution Eq. (26), the
interval [£,&,1(&, =1) is fictitiously divided into » equal
sub-intervals. In the numerical computations, we take
¢, = 1.0000, ¢,=-0.2308, ¢, = 2.0989, Q=1, g¢,6 =0,
g, =0. The displacement, radial and tangential stresses for
different values of & =a/b, a, B and n are listed in
Tables 1-3.

Tables 1-3 show the results obtained by means of the pre-
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Fig. 2. Variation of mass density p(&).

sent solution when different values of & =a/b, « and p
are employed. We found that with an increasing number of
fictitious layers, n, the results approach the exact solution
gradually. Numerical tests also denote that the present solution
is effective in analyzing the distributions of the displacement
and stresses in a rotating functionally graded hollow cylinder.

It is noted here that the linearly graded hollow cylinder has
been investigated by Shi et al. [14]. By employing the devel-
oped method in this investigation and utilizing a laminate
model with 1000 fictitious sub-interval layers to approximate
the linearly graded hollow cylinder, the obtained results were
found to agree well with those presented in Ref. [14]. The
correctness of the present method is further clarified.

In the following, the analysis of functionally graded hollow
cylinders with general form will further be investigated. Fur-
thermore, the effect of the inhomogeneity and orthotropy will
be discussed. Suppose the Young’s moduli in radial direction
of the hollow cylinder at the interior and exterior surfaces are
taken as E,, =100GPa (interior) and E, =200GPa (exterior).
The densities of the hollow cylinder at the interior and exterior
surfaces are assumed as ,o():l.0><103kg/m3 and p,=1.5x10’
kg/m’, respectively. The variation forms of Young’s modulus
and the density obey

0.00

-0.20

-0.40

5]

-0.60 i
—=— =2 &0 =2
—Ar— k= 0 K,=0 =2

-0.80 - ok
—o— a2 8,70 =2
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Fig. 3. Distributions of radial stress for different values of ;.
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Fig. 4. Distributions of tangential stress for different values of &g.

E(©)=2"CF + 5% v kB, (E-E)E-E)
gn_go gn _50 31
£ £-& Gl

p&) :ﬁpo e —g(; Pt KPS =6)(E=¢,)

where x, and «, are constants denoting the degree of the
inhomogeneity. In the numerical studies, we employ

E(S)=E()=2E (), v, =v,=0,=03 (32)

where y is also a constant, denoting the degree of the
orthotropy. E,(¢) and E (&) are Young’s moduli in tan-
gential and axial directions, and v, , v, and v, are Pois-
son’s ratios. The elastic constant c,, can be obtained on the
basis of the presented Young’s moduli and Poisson’s ratios
[15]. The other calculation parameters are adopted here as
a/b=0.5, Q=1, g,=-1 and g, =0. In order to obtain the
result with high accuracy, 1000 fictitious sub-interval layers
(with equal thickness) are employed in the following compu-
tation.

The variation form of the Young’s moduli and the density
for different values of x, and x, are illustrated graphically
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Fig. 5. Distributions of radial stress for different values of .
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Fig. 6. Distributions of tangential stress for different values of x,.

in Figs. 1 and 2. It is noted that the cases for «, =0 and x,=0
denote that the Young’s moduli and the density of the func-
tionally graded hollow cylinder vary linearly with the depend-
ence on the radial coordinate in the hollow cylinder.

The distributions of radial and tangential stresses in an inner
pressurized functionally graded hollow cylinder for different
values of «, (x,=0, y=2) are depicted in Figs. 3 and 4, re-
spectively. We find that the inhomogeneity factor of Young’s
modulus x, has little effect on the distributions of radial
stress, while the distributions of tangential stress are sensitive
to x, . At both the interior and exterior surfaces, the tangen-
tial stresses increase with the increasing of «, . In the middle
zone, it does the opposite. To interpret this phenomenon, we
recall Fig. 1. It can be seen that the Young’s modulus of the
functionally graded hollow cylinder at the middle zone de-
creases with increasing &, while those at the internal and
external surfaces keep constant. The decrease of the Young’s
modulus at the middle zone leads to the redistribution of the
tangential stress in the functionally graded hollow cylinder. As
a result, the part with a low Young’s modulus undertakes low
tangential stress and hence increases the tangential stress at
other parts of the cylinder.

Figs. 5 and 6 show the effect of the inhomogeneity factor of
mass density x, (=0, y=2) on the distributions of radial
and tangential stresses. Interestingly, &, has little effect on

0.00,

-0.40|

Fig. 7. Distributions of radial stress for different values of y.
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Fig. 8. Distributions of tangential stress for different values of y.

the distributions of radial stress while the tangential stresses in
a whole cross section decrease with the increasing of «,.
This is physically reasonable. From Fig. 2, we notice that the
density of the functionally graded hollow cylinder at the mid-
dle zone decreases with the increase of «,. In fact, the in-
crease of x, finally leads to the decrease of the inertial force
and hence causes the decrease of the tangential tensile stress.

The effect of the degree of material orthotropy y (x, =1,
x,=1) on the distributions of the radial and tangential stresses
are illustrated in Figs. 7 and 8. Fig. 7 denotes that the radial
stresses have little dependence on y. While y plays an impor-
tant role on the distributions of the tangential stresses, see Fig.
8. We also notice that the distribution of tangential stress in an
inner pressurized rotating functionally graded hollow cylinder
for =1 is more homogeneous than those for y=2 and y=3.

7. Conclusions

The pressurized rotating functionally graded hollow cylin-
der is analyzed by the laminate model. By means of the state
space method, the analytical solution for the laminate model is
developed in explicit form. The analysis scheme involves only
the operations of 2x2 matrices, regardless of the number of
fictitious layers. Numerical calculation can be easily per-
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formed.

Numerical results denote that the material inhomogeneity
and the degree of orthotropy have minor effects on the distri-
butions of radial stress, while having significant effect on the
distributions of tangential stress. For engineering applications,
the present solution can be employed in selecting the proper
material parameters for the pressurized functionally graded
rotating hollow cylinder.
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